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If X is a zero-dimensional HausdorlI space which is a continuous image of a compact linearly 
ordered topological space, then X can be embedded into some dendron. If, moreover, X is 
separable then X can be embedded into some arc. Both results can be treated as orderability 
theorems 
AMS (MOS) Subj. Class.: Primary 54F05; 
secondary 54CO5, 54D30 
orderable space arc 
zero-dimensional space dendron 
1. Introduction 
Let X be a set, < a partial ordering on X and x E X. We will write 
L(x) = {y E x: y S x}, I(x) = {_Y E x: y <x}, 
M(x)={YEX: x~_v} and m(x)={y~X: XC-V}. 
We will say that (X, <) is a pseudo-tree if the following acq’clici~ condition is satisfied: 
if a, b, c E X, a 2 b and a Z= c, then either b s c or c 4 b; saying equivalently: I(a) 
is a chain for each a E X. 
If X is a topological space and < is a linear ordering on X, then X is said to be 
a linear1.y ordered topological space provided the family {L(x): x E X}u 
{M(x): x E X} is a subbasis for closed sets of X. In this case X is also called an 
orderable space and < is said to be a natural ordering of X. 
A continuum is a compact connected Hausdorff space. We will say that a continuum 
X is: 
(a) an urc if X has exactly two non-cut points (which are called the end-points 
of X); 
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(b) a dendron if for any x, y E X, x # y, there exists a z E X such that x and y 
belong to distinct components of X -{z} (dendrons are often called trees or 
compact dendritic spaces); 
(c) a vim-jinite continuum provided X admits a basis B such that bd( U) is finite, 
for each U E B. 
Clearly, each arc is a dendron and it is well known that each dendron is a rim-finite 
continuum (see e.g. [7]). Moreover, each rim-finite continuum is locally connected. 
Recall that each arc is an orderable space. It admits exactly two natural orderings 
(see e.g. [4]). Moreover, each separable arc is homeomorphic to [0, I]. Recall also 
that each orderable space can be embedded into some arc (this follows immediately 
from Theorem 2.9 in [5, p. 71). It is obvious that a compact subset of an arc is an 
orderable space. Thus a compact space X is orderable if and only if X can be 
embedded into some arc. For further basic results on orderable spaces see [6] and 
[2]. For a nice survey of basic results on dendrons see [7]. 
Let X be a dendron and a E X. Then for any x, y E X, x f y, there is exactly one 
arc in X the end-points of which are x, y; this arc will be denoted by [x, y]. We 
will write also [x, x] = (x}, lx, y] = [y, x[ = [x, y] -(x} and lx, y[ = [x, y] - {x, y}. Let 
<a be a binary relation on X defined as follows: if x, y E X then x say provided 
[a, x] c [a, y]. Then (X, <,) is a pseudo-tree. In [8] (see also [16]) it was proved 
that the original topology of X can be rediscovered when only (a is given. 
The ideas of [S] were generalized in [9] (see also [lo] which can serve as a survey 
of results of 191). In particular, if (X, <) is a pseudo-tree, then let TI- be a topology 
on X which is introduced with the use of a subbasis S:. for closed sets, 
s:={M(x): XEX}U{X-m(x): XEX} 
u {X - M(x): x E X and I(x) = I(y) for some y E X -{x1> 
u {X - M(x): x E X and I(x) = L(y) for some y E X}. 
It turns out that X equipped with T: is embeddable into some dendron Y. Moreover, 
under a natural additional assumption, < can be treated as a restriction to X of 
ca (on Y), for some a E Y. 
Furthermore, if X is a compact subset of a dendron, then there is an acyclic 
partial ordering < on X such that the original topology of X coincides with T:. 
Hence, for a compact space, the property “embeddable into a dendron” can be 
treated as an orderability property. Now, recall that each dendron is a continuous 
image of some arc (see e.g. [7]). Hence a compact subset of a dendron is a continuous 
image of an ordered compacturn. 
Let X be a locally connected continuum and A be a subset of X. We will say 
that A is a T-set in X if A is closed and the boundary of each component of X -A 
consists of exactly two points. 
If X is a dendron and a E X, then a is said to be an end-point (resp. a rumijkution 
point) of X provided X -{a} is connected (resp. has more than two components). 
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2. Embeddings into dendrons 
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2.1. Theorem. If X is a zero-dimensional Hausdorflspace which is a continuous image 
of a compact linearly ordered space, then X can be embedded into some dendron Z 
such that X is a T-set in Z and each component of Z - X is homeomorphic to IO, l[. 
Proof. By [12, Theorem 2, p. 1231 there exists a locally connected continuum Y 
such that X c Y, X is a T-set in Y and each component of Y-X is homeomorphic 
to IO, l[. By [ll, Lemma 4.31 Y is a rim-finite continuum (because X is zero- 
dimensional). 
Let S denote the family of all components of Y-X, S = { Pp: p < a}, for some 
cardinal number (Y. We use transfinite induction to get a descending sequence 
{ Yp: p < a} of subcontinua of Y each of which contains X. 
Let Y,, = Y. Suppose that y is an ordinal, 0 < y < (Y, such that { Yp: p < r} is 
already constructed. If y is a limit ordinal, then let Y, =n{ Yp: /3 < y}. Hence Y, 
is a subcontinuum of Y (as an intersection of a descending family of continua). 
Suppose that y = 8 + 1. If Y8 - Pa is connected then put Y,, = Y6 - P,, otherwise let 
Y, = Yfi. 
Put Z = n{ Yp: p < a}. Then Z is a subcontinuum of Y and X c Z. Obviously, 
Z is also rim-finite. Suppose that x, y E Z, x # y. There exists an arc I with end-points 
x, y, I c Z (see e.g. [15, Corollary 4, p. 1251). Since X is zero-dimensional, there is 
a point z E I - X, z E Pp for some /3 < CY. Hence Pp c Z c Yp+, , and so Yp - Pp is 
not connected. Therefore Z - Pfi is not connected. Let U, V be nonempty disjoint 
open subsets of Z - Pp such that U u V = Z - Pp. Recall that bd( PO) = {a, b} for 
some a, b E X. Since Z is connected, U n bd( PO) # fl and Vn bd( PC) # @. We may 
assume that a E CJ and b E V. Let < denote the natural ordering of the arc cl( Pp) = 
Ppu{a,b} from a to b. Put U’= Uu{tEcl(Pp): a<t<z} and V’= Vu 
{tECl(Pp): z < t c b}. Note that U’, V’ are open in Z, nonempty and disjoint. 
Moreover, U’u V’= Z -{z}. Observe that either XE U’, y E V’ or XE V’, YE U’. 
This proves that Z is a dendron. 0 
2.2. Remark. (i) It is not difficult to see, [9], that if X is a closed subset of a dendron 
Z such that each component of Z-X is homeomorphic to 10, l[, a E Z and < 
denotes the restriction of <a to X, then T: is the original topology of X. 
(ii) In [12, p. 1251 it was announced that if Y (as constructed in the proof of 
Theorem 2.1) has no cut points, then X is (linearly) orderable. Unfortunately, simple 
examples show that this is not true. 
3. Embeddings into arcs 
3.1. Theorem. If X is a separable and zero-dimensional Hausdorff space which is a 
continuous image of a compact linearly ordered space, then X is orderable. Hence X 
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can be embedded into some arc K such that X is a T-set in K and each component of 
K -X is homeomorphic to 10, l[. 
Proof. By Theorem 2.1, we may assume that a dendron Z is given such that Xc Z, 
X is a T-set in Z, and each component of Z -X is homeomorphic to 10, l[. Hence 
each end-point of Z belongs to X and each ramification point of Z belongs to X. 
Let a be an end-point of Z; <a will denote the acyclic partial ordering on Z defined 
as usual: x G ~ y provided [a, x] c [a, y]. 
Let {a,, a2,. . .} be a countable dense subset of X, a, # a. Recall that X is 
hereditarily separable (see for example [2, Problem 3.12.4(c), p. 2811). 
Let I, be a maximal arc in Z such that a, a, E I,. Then I, = [a, c,] for some c, 
which is an end-point of Z, c, # a. 
Suppose that k is a positive integer such that distinct end-points c,, . . . , ck of Z 
are already found, ci # a for i = 1, . . . , k. Let 
Sk = {P c Z: P is a component of Z - ([a, c,] u . . * u [a, ck])}. 
Then, for each pEsk, bd(P) = {bp} for some bp E X. Put Nk = 
{n: a,@[a,cr]u”’ u[a,&]}. If Nk=@, then Xc[a,c,]u..*u[a,ck]=Z. 
Assume that Nk # 0 and let nk be the least integer of Nk. Clearly, Z = [a, c,] u . . . u 
[a, ck] u US,. Hence there is a PkESk such that a,, E Pk. Let Ik+r be a maximal arc 
in cl(P,) = Pk u{bpk} such that a,,, b, E &+I. Then I,+, = [bp,, ck+,] for SOme ck+, 
which is an end-point of Z. Clearly, a # ck+, and c, f c&r, for i = 1,. . . , k. 
To unify our treatment, let PO = Z -{a}, S, = {PO}, b, = a and n, = 1. 
Observe that, for each nonnegative integer k, 
S k+l=(Sk-{Pk})~{P: P is a component of Z-I,,, and bd(P)f{b,}}. 
Suppose that P E Sk, for some nonnegative integer k. Then P n X # 0 and P is open 
in Z. Hence there is a positive integer 1 such that a, E P and ai g P, for 0 < i < 1. 
Therefore 1= n, for some integer m, rnz k. Hence P= P,,,, Let Zp = Z,+, and 
0 
CP = cl?l+1. Recall that Z, = [c”,, bP] c cl(P) = P u { bp} and Zp n X is nonempty, 
separable and zero-dimensional. Moreover, Zp is first countable. Let CL, c;, . . . be 
points of Zp - X such that b, <a. . * <n c’, <a c’, <a c”, and lim c”p = b,. For each 
positive integer i there is exactly one component Rp of cl(P) -{c”,, cl,,. . .} such 
that bd(Rb)={cF’, cp}. Moreover, P={c”,, CL,. . .}u Rbu R$u. . . (because 
1 2 
CP,CP,... E X and hence no CL is a ramification point of Z). Put Yp = Zp n X and 
Xp= cl(P) n X. For each positive integer i, let Y’p = [c:‘, cp] n X and XL = 
cl( Rb) n X. Observe that each Yp is closed-open in Yp, each X> is closed-open in 
XP, 
Yb=Z,nXp and Y,={b,}uY;uY;u..., 
X,={b,}uX1,uX;u.... 
Suppose that P E S, for some nonnegative integer n. We will define a retraction 
rp: X,+Y,suchthat~~(Xp)~ Yb,fori=1,2,.... Observe that it suffices to define, 
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for i = 1,2,. . . , a retraction rp: Xi, -+ Yp. In fact, then we may define rp:Xp+ Yp 
by the formula 
rAx) = 
b, if x = bp, 
r;(x) if xEXL, iE{1,2 ,... }. 
Such an rp is easily seen to be continuous. 
Let a positive integer i be fixed. Note that the restriction of <a is the natural 
linear ordering of the arc [c;‘, cb] from cp to c;‘. Observe that if Xp#B then 
also Yl,# 0 (because each ramification point of Z belongs to X). Assume that 
Xp#@Letx,,x,bepointsofYpsuchthatc’,<.x,~.x, <acg’and[cp,xO[nX= 
Q = lx,, c:‘] n X. Put I = [x,, x,] and R = RL- (]cp, x,,[ u]x,, cF’[). Then R is a 
subdendron of Z, Xp c R and Yp c I. 
Let 
S={Q: Q is a component of Z-Z and {CL, cF’}nQ=0}. 
Then S c S,,, for the integer m such that P = P,,,. Moreover, R = I u US. Since S 
consists of pairwise disjoint open subsets of Z each of which meets X and X is 
separable, it follows that S is countable. 
If I is degenerate, i.e., x0=x,, then let r;(x) =x,, for each x E Xp. Suppose that 
I is nondegenerate. Recall that I is metrizable if and only if it is separable. Since 
each component of I - Yp is homeomorphic to IO, l[ and Yip is separable, I is 
metrizable if and only if I - Yp has countably many components. 
Suppose that Z is not metrizable. If x, y E I then let x-y provided either x = y 
or the set [x, y] - Yp has countably many components. By Lemma 4.8 of [ll], we 
have the following properties: 
(a) - is an equivalence relation on I and the equivalence classes of - are subarcs 
(possibly degenerate) of I the end-points of which belong to Yp; 
(b) Let H denote the family of all equivalence classes of -. Then H is an upper 
semi-continuous decomposition of I and the quotient space J = I/H is homeomor- 
phic to [0, 11; and 
(c) Let h: I -+ J denote the quotient map and put C = {x E J: the set h-‘(x) n Yp 
has at least three elements}, D = {x E J: the set h-‘(x) n Yp consists of exactly two 
points}. Then C is countable and [x, y] n D is uncountable for any x, y E J, x # y. 
Let D’ be a countable dense subset of D. By (c), D’ is dense in J. Moreover, 
h-‘(D’u C) n Y& is dense in Yb. Let Ho be the decomposition of I into points 
and sets K’(x), for x E D - (D’u h({x,} u {bQ: Q E S})). Then Ho is upper semi- 
continuous and the quotient space L = I/ Ho is an arc. Let h,: I + L be the quotient 
map. Observe that L - h,( Yp) has countably many components, and each component 
of L - h,( Yi) is homeomorphic to IO, l[. Hence L is separable. Therefore L is 
homeomorphic to [0, 11; we assume that L = [0, l] and h&x,) = 0. Since D’ is dense 
in D, it follows that h,( Yp) is zero-dimensional. Note that, for each QE S, 
h,‘Mb,)) = {b,l. 
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Let {Ql, CA,. . .} be an enumeration of S. For each pair (m, j) of positive integers 
choose a point e(m,j) E h,( Yp) in a manner such that either e(m,j) = 1 or e(m,j) 
has an immediate successor in h,( Yp) c [0, 11, and 
l&(bo?“) - 44 j)l< l/(m +j), 
and 
e(m,l)ze(m,2)*... zh,(bQ,,,) for m-l,2 ,.... 
Let r: Xp-+ h,( Yp) be defined by the formula 
r(x) = 
ho(x) if x E h,( Yp), 
e(m, j) if XER&. 
Then r is easily seen to be continuous. Let rp: Xb + Y’p be defined by the formula 
r;(x) = 
x if xE Yp, 
h,‘(e(m, j)) if XE R&. 
Note that rk is a well-defined map-because h,‘(e(m, j)) is a singleton for any 
positive integers m, j. Moreover, an easy straightforward proof shows that rp is 
continuous. 
If I is metrizable, then let L= J = I, ho= h = id, and define rb: Xi,+ Yp 
analogously as above. 
For n=l,2,..., let Y,=Xn([a, c,]u.. . u [a, c,]). Then Y, = Yp,, and Y,,,, = 
Y,, u Yp,, . Observe that if P is a component of Z - Y,, such that P n X # 0, then 
PES,. 
Let <, denote the restriction of <a to Y,. Then <, is a natural linear ordering 
of Y, from a to c,. Put g, = rpo and note that g,: X + Y, is a retraction (because 
X,” = X) such that if x E X - Y, then g,(x) has an immediate successor in ( Y,, <,). 
Suppose that, for some positive integer n, a natural linear ordering <,, of Y, 
(from a to c,) and a retraction g,:X+ Y,, are already defined such that 
(*) if x E X - Y, then g,,(x) has an immediate successor in ( Y,,, <,) 
and 
(**) if P is a component of Z - Y,,, P n X # 0 and bd( P) = [ ck+,, b, [ (i.e., P E Sk 
and PE Sk_,; note that ks n), then g,,. = rpklp. 
Let cn+, be a binary relation on Y,,,, defined as follows: if x, y E Y,,,, x # y, 
then x <,,+, y provided either 1. x, y E Y,, and x <,, y; or 2. x, y E Yp,, and x cay; 
or3.xEY,,yEYpjTandx<, g,(y); or 4. x~ YP,,, Y E Yn and g,(x) <,Y. Then cn+, 
is easily seen to be a linear ordering. Because of (*), (**) and the fact that each 
YP,, 3 i=l,2,..., is a closed-open interval in Yp,,, it follows that <,,+, is a natural 
ordering of Y,,,,. Define g,+,: X + Y,,, by the formula 
g,+,(x) = 
1 
g,(x) if xEX-P,, 
rp,f(x) if x E X n P,. 
Now, it is a routine to check that <,,+, and g,,, are as required. 
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Observe that, by (**), g,:,(g,+,(x)) c g,‘(g,(x)), for each positive integer n and 
each x E X. Hence there is the unique map fn: Y,,+, + Y, such that g, =fn 0 g,+,. By 
[l, Theorem 6.3.2, p. 1231 fn is continuous. Thus fn is a retraction. 
Put Y =lim inv( Yn,fn). Observe that if x, YE Y,,,, and x s,,+, y, then 
fn(x) ~,fn(Y). If(x,, x2,. . .I, (Y,, y2,. . -1 E Y, then let (xl, ~2,. . .I s (Y,, Y2,. . .) pro- 
vided x, G ,,y,, for each positive integer n. Then < is a natural linear ordering of 
Y. Since g, = fn 0 g,+,, for n = 1,2, . . . , there is the induced (continuous) map 
g: X + Y. Since all g,‘s are surjections, g is also a surjection. We show that g is 
one-to-one. This will finish the proof-because g will appear to be a homeomorphism 
from X onto the orderable space Y. 
Takeanyx,yEX,xfy.Let Y,= Y,u Y,u....Ifx~ Y,,,,YE Y,,andmcn<co, 
then g,(x) = g,(x) =x f y = g,,(y). If x E Y,, for some integer m, and yE Y,, then 
let P denote the component of 2 - Y, such that y E P. Then PE S,. There is an 
integer n such that P= P, (then n s m). Let Q be the component of Z - Y, such 
that y E Q. Then 
g,(y) = rp,,(y) E X n[c,+,, bp,,[. 
Since x g [c,+,, bp,#[, it follows that x = g,,(x) #g,(y). 
Suppose that x, y g Y, and g,(x) = g,(y), for n = 1,2, . . . . For every n, let U, 
(resp. V,,) denote the component of Z- Y,, such that XE U,, (resp. YE V,,). Then 
U,,, V,, E S,. Suppose that U,, Z V, for some n. There is an integer k, k 2 n, such 
that U, = U,,,, =. . . = lJk = Pk. Then, by (**), gk(x) E [Q+,, bq[. Moreover, 
g,(y)g [G+,, bq[. Thus gh(x) f gk(y), a contradiction. We proved that U,, = V,, for 
n=1,2,.... There is a sequence m,, m2, . . of positive integers such that m, < 
m2<. . . and P,,,I = u,, = i&+, = . . . = U,,,r+l_,. Hence P,,,, 1 P,_ 2 9 1 . . Let 
u=fi u,=fi Pm,. 
n=, k=l 
It is not difficult to see that U = {z} for some end-point z of Z. However, x, y E U, 
forn=1,2,..., and so x, y E U. Recall that x # y, a contradiction which shows that 
g is one-to-one. 0 
3.2. Corollary. Zf X is a closed, separable and zero-dimensional subset of a dendron, 
then X is orderable. 
3.3. Remark. Theorem 3.1 is related to the following old question due to S. Purisch: 
is a compact, monotonically normal, separable and zero-dimensional space 
necessarily orderable? (see [14, p. 631; see also [13]). In fact, each Hausdorff space 
which is a continuous image of an ordered compactum is monotonically normal [3, 
Theorem 2.6, p. 483 and Theorem 5.3, p. 4871. Finally, recall the following (more 
general) question: does it follow that a compact, monotonically normal space is a 
continuous image of an ordered compactum? [12, Problem 6, p. 1231. 
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3.4. Example. Denote by aX = (00) u X the one-point compactification of a discrete 
space X of cardinality LY, (Y 2 NO. Clearly, X is zero-dimensional. Put S = {p: p < (Y 
and p is not a limit ordinal number} and let f: ((Y + 1) + aX denote a map such that 
fi,:S~Xisone-to-oneandonto,andf(p)=coprovidedP~((y+l)-S={y: y~-a 
and y is a limit ordinal number}. Then f is a continuous surjection from the ordered 
compactum (a +l) onto ax. By Theorem 2.1, aX can be embedded into some 
dendron. However, if (Y > NO, then aX is not orderable (to see this fact use 
sequences). 
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